ZERO-CYCLES AND RATIONAL POINTS ON VARIETIES 
DEFINED BY ABELIAN NORMIC EQUATIONS 



YONGQI LIANG 



Abstract. We study the Hasse principle for 0-cyclcs on proper smooth va- 
rieties X defined by Abelian normic equations N K / k (l£) = P(t). We aim to 
prove the exactness of a sequence of local-global type related to the Braucr 
group of X, our main result reduces this long raised question to explicit com- 
putation of ramifications of (finitely many) elements of a certain Braucr group. 
The main theorem also generalizes some existing results on this topic. 

A similar statement for rational points is also valid assuming Schinzcl's 
hypothesis. 
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1. Introduction 

Let k be a number field and Q& be the set of all places of k. Consider an algebraic 
fc-variety X assumed proper smooth and geometrically integral, denote by Br(X) = 
H? t (X, G m ) the cohomological Brauer group of X. We write simply X v — X k v 



for each place v € fifc. We define the modified Chow group of 0-cycles CH' (X V ) to be 
cither the usual Chow group if v is a non-archimcdean place, or Coker[CHo(X v 

k v ) CHq(X v )] if v is an archimedean place. 

As a variant of Manin's pairing, one can define by taking the sum of local pairings 

(, u 

Br(X) x J] CH' a {X v ) -> Q/Z 
( b ,{z v } v ) i y inv v ((b,z v ) v ), 

ugO fc 
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where inv v : Br(k v ) Q/Z is the local invariant, cf. [CT95]. By class field theory, 
global 0-cyclcs are annihilated under the pairing, we get a complex 

(E) \^mCH (X)/n^ ] [ hm CH' (X v )/n -> Hom(Br(X), Q/Z), 

where /n denote the cokernel of the multiplication by n. The exactness of (E) means 
roughly that the failure of the local-global principle for 0-cycles can be controlled 
by the Brauer group Br(X). It is believed to be exact for all smooth proper geo- 
metrically integral varieties after the work of Colliot-Thelene, Kato, Sansuc, Saito, 
cf. [CTS81] [KS86] [CT95]. However, this is far from being completely proved even 
though the exactness has been found out to be valid for more and more families of 
varieties. 

In this paper, we focus on varieties defined by Abelian normic equations 

N K/k (it) = P(t), 

where K/k is a finite Abelian extension with P(t) £ k[t] a polynomial, and where "x^ 
represents an element in K written as a A:-linear combination of a chosen base of the 
k- vector space K. When K/k is a cyclic extension, the exactness of (a variant of) the 
sequence (E) was discussed in a more general setting in [CTSSD98, §4], where the 
parallel question for rational points was discussed as well. In his recent paper [Wei] , 
Wei discussed the Hasse principle for 0-cycles of degree 1 in some scattered cases 
which are not covered by [CTSSD98] . Other cases are still open, even in the simplest 
non-cyclic case where K/k is a biquadratic extension, cf. [CTSSD98, Remark 1.5]. 
Trying to prove the exactness of (E) for varieties defined by such equations, to lead 
to a more systematic discussion wc propose to divide the question into two steps: 

Ql. general statement for the exactness of (E) with minimum assumptions on 
elements in certain Brauer groups; 

Q2. explicit computation for Brauer elements and verification of the assump- 
tions appeared in Ql. 

Our main result is Theorem 2.1, which gives an answer to Ql with an assumption 
(Br) on Brauer groups. As examples, smooth proper models of an arbitrary Abelian 
normic equation satisfy geometrical assumptions of the main theorem. Hence we 
reduce the exactness of (E) to Q2. Theorem 2.1 is also a generalization of several 
existing results, cf. §5.1. Combining the work of Wei with our key ingredient 
Proposition 3.5, we also obtain the exactness of (E) for the examples discussed by 
Wei, cf. §5.2. 

Concerning the parallel question for rational points, the Brauer-Manin obstruc- 
tion is expected to be the only obstruction for rational points on rationally con- 
nected varieties (for example, varieties defined by normic equations), cf. [CTS77]. 
In the last section §6, we will state and explain a similar result for rational points 
on varieties defined by Abelian normic equations admitting Schinzcl's hypothesis. 

2. Statement of the main result 

Let A be a smooth proper geometrically integral variety defined over a number 
field k. Fix an integer 5. If the existence of a family {z v } v( zQ k of local 0-cycles of 
degree i5 orthogonal to Br(X) implies the existence of a global 0-cyclc of degree 
S on A, then we say that the Brauer-Manin obstruction is the only obstruction to 
the Hasse principle for 0-cycles of degree S on A. We say that the Brauer-Manin 
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obstruction is the only obstruction to weak approximation for 0-cycles of degree 5 
on X if the following statement is satisfied 

For any positive integer TV and any finite set S of places of k, given an arbi- 
trary family of local 0-cycles {z v } v ^u k , e) of degree S orthogonal to Br(X), 
then there exists a global 0-cycle z = Zs,n 01 degree S on X such that z 
and z v have the same image in CH (X v ) /N for all v G S. 

These definitions date back to [CTSD94, page 69]. 

Let 7r : X — > P 1 be a fibration (dominant morphism whose generic fiber is 
geometrically integral) defined over a number field k. Suppose that the variety X 
is smooth projective and geometrically integral. We denote by X v the generic fiber 
of 7T, and we write X ri = X n x^m k(t). Suppose that Pic(X^) is torsion-free and 
Br(Xfj) is finite, then Br(X v ) / Br{k{t)) is a finite group. Let A C Br(X v ) be a finite 
subset generating Br(X v ) modulo Br(k(t)). Let F be an integral 1-codimcnsional 
closed subvaricty of X. Consider the residue map Of ■ Br(k(X)) — > H 1 (k(F), Q/Z), 
if there exists an element b £ A C Br(X v ) such that <9f(6) ^ then F is contained 
in a certain closed fiber X m of 7r. Let {m r ; 1 ^ r ^ 1} be a set of closed points of 
P 1 . We denote by X r the fiber X mr and we write Z = \J r X r and Y = X \ Z. 

Theorem 2.1. With the above notation, let tt : X — > P 1 be a fibration satisfying 

(Ab-sp) all closed fibers are Abelian- split; 

(gen) Pic(Xfj) is torsion-free and Br(X^) is finite; 

(Br) there exists a finite subset A C Br(X v ) generating Br^X^) modulo Br{k{t)) 
such that A C Br{Y) where Y C X is an open with complement X \ Y a 
disjoint union of closed split fibers. 

Let Hil C P 1 be a generalized Hilbertian subset o/P , we suppose respectively that 
for all e Hil 

(1) the Brauer-Manin obstruction is the only obstruction to the Hasse principle 
for rational points (or 0-cycles of degree 1) on Xg; 

(2) the Brauer-Manin obstruction is the only obstruction to weak approximation 
for rational points (or 0-cycles of degree I) on Xg] 

(3) we suppose (2), moreover, the induced map CHq(X v ) — > CiJo(Pi) — Z is 
assumed injective for almost all places v. 

Then for every integer 5, we have respectively 

(1) the Brauer-Manin obstruction is the only obstruction to the Hasse principle 
for 0-cycles of degree 8 on X; 

(2) the Brauer-Manin obstruction is the only obstruction to weak approximation 
for 0-cycles of degree 5 on X: 

(3) the Brauer-Manin obstruction is the only obstruction to strong approxima- 
tion for 0-cycles of degree 5 on X, and the sequence (E) is exact for X. 

Remark 2.2. The induced map CHo(X v ) — > CHq(FD ~ Z is the degree map, it is 
injective for almost all v if X v is assumed rationally connected thanks to a theorem 
of Kollar/Szabo [KS03, Thm. 5]. It is also well-known that if X v is rationally 
connected, the hypothesis (gen) is automatically satisfied, cf. [Gro68, II Cor. 3.4], 
the proof of [CTR85, Prop. 2.11], and [DcbOl, Cor. 4.18]. 

Smooth proper models of the equation A^/fc^) = P(i) with K/k an Abelian 
extension satisfy the hypothesis (Ab-sp), cf. [Liab, Lem. 3.4]. These models are 
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fibered over P 1 by the parameter t, almost all fibers are smooth compactifications 
of torsors under algebraic tori, the arithmetic hypothesis (1) and (2) are satisfied. 

However, the verification of the hypothesis (Br) on the Brauer group does not 
seem obvious. This is caused by the difficulty of describing explicitly the represen- 
tatives in A. Even for a specific Abelian extension K/k, it is not clear whether there 
exists a smooth proper model for the normic equation verifying the hypothesis (Br). 
Concerning this hypothesis, we have a more detailed discussion in §5. 



At first, we state some preliminaries and give references of each statement. In 
the subsection §3.4, we prove a variant of Hilbert's irreducibility theorem, which is 
one of the main ingredients of this work. 

3.1. Formal lemma. 

Lemma 3.1 ([CTSSD98, Lcm. 4.5], original version [Har94, Cor. 2.6.1]). Let X 

be a smooth proper geometrically integral variety defined over a number field k. Let 
U be a non-empty open subset of X and {A\, . . . , A n } C Br(U) C Br(k(X)). We 
denote by B the intersection of Br(X) and the subgroup generated by the Ai 's in 



Suppose that for every u G fit, there exists a 0-cycle z v on X v of degree 5 
supported in U v such that the family {z v } ve n k is orthogonal to B. 

Then, for all finite set S of places of k, there exists a finite set S' of places of k 
containing S, and for each v £ S' there exists a 0-cycle z' v on U v of degree 5 such 
that 



and moreover z' v = z v for all v € S. 

3.2. Moving lemmas for O-cycles. We say that a 0-cycle z = J] npP is separable 
if each non-zero integer np equals either 1 or — 1. Let k be a topological field (of 
characteristic 0) and k be its fixed algebraic closure. Let z' be an effective 0-cycle 
of degree d > on a A:- variety V, we express it as a sum of closed points z' = ^ P/ 
(not necessarily separable, the closed points P[ may be equal for different i). We 
say that an effective 0-cycle z — ^ Pi of degree d is sufficiently close to z' if (after 
a permutation of the indices) we have fc(Pj) = k(P() and p is sufficiently close to 
P! in the topological space V(fc(P/)). 

Lemma 3.2 ([CT05, §3]). Let X be a integral regular variety defined over a perfect 
field k, and U be a non-empty open subset of X. Then every 0-cycle z of X is 
rationally equivalent on X to a 0-cycle z' supported in U. 

Lemma 3.3 ([CTSD94, page 89], [CTSSD98, page 19]). Let n : X -> P 1 be a 

fibration defined over K, C, or a p-adic field. Suppose that X is smooth integral. 
Let D be a finite set of closed points o/P 1 , and Xq be a non-empty Zariski open 
subset of X. 

Then for every effective 0-cycle z ^ supported in Xq, there exists a separable 
effective 0-cycle z' supported in Xq such that z' is sufficiently close to z and such 
that 7r*(z') is separable and supported outside D. The 0-cycles ir*(z) and x*(z') are 
rationally equivalent on P . 



3. Preliminaries to the proof 



Br(k(X)). 
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3.3. Comparison of Brauer groups. The following proposition was stated orig- 
inally for rational points 9, but the whole proof works for closed points. 

Proposition 3.4 ([Har94, Thm. 3.5.1], [Har97, Thm. 2.3.1]). Let X -> P 1 be a 

fibration defined over a number field k. Suppose that Pic(Xfj) is torsion-free and 
Br(Xfj) is finite. 

Then there exists a generalized Hilbertian subset Hil C P 1 such that for all 6 G Hil, 
the specialization 

BrjXr,) Br(X e ) 
SPe ' Br(k(t)) ^ Br(k{9)) 
is an isomorphism of finite Abelian groups. 

3.4. Hilbert's irreducibility theorem. The following proposition is a variant of 
Hilbcrt's irreducibility theorem. This is a crucial step in the proof of the main the- 
orem. In order to prove the proposition, we follow the strategy of Ekcdahl [Ekc90] , 
of which more detailed arguments were given by Harari [Har94]. We combine the 
method of Colliot-Thelene [CTOO] to deal with 0-cycles on higher genus curves. 

Proposition 3.5. Let k be a number field and Hil be a generalized Hilbertian subset 
o/P* fe . Let Pi (i = 1, . . . ,n) be closed points of A 1 = P 1 \ {oo} of residue field fc,-. 

Let S be a finite set of places of k and z v be an effective separable 0-cycle of 
degree d > X)"=i [^« '■ k] — 2 on P* supported in A 1 \ \_\™ =1 Pi for each v 6 S. 

Then, given a finite non-trivial extension F of k, there exists 

- an infinite set I of places of k, 

- a closed point 9 G A 1 of degree d (defined by an irreducible polynomial 
f G k[t]), 

- a place Wi G fife; \ S <g>k ki for each i, 
satisfying the following conditions 

(1) each place in I splits completely in F, 

(2) 9 G Hil, 

(3) as a 0-cycle, 9 is sufficiently close to z v for all v G S, 

(4) as a k{9)-point o/A 1 , 9 is an S U L-integer, 

(5) for each i, we have Wi(f(Pi)) = 1 and w{f{Pi)) = for all places w G 
f2fc 4 \(S U I) ®fc ki different from u>i. 

Proof. The generalized Hilbertian subset Hil C U C P 1 is defined by a finite mor- 
phism Z — >• P 1 etale over U, where Z an integral fc-variety. Take K' to be the 
Galois closure of the extension k(Z)/ k(P 1 ) of function fields. Let Z' be the nor- 
mal curve having K' as its function field, then the composite of finite morphisms 
Z 1 — > Z — > P 1 defines a generalized Hilbertian Hil' contained in Hil. We are going 
to find a closed point 9 G Hil'. 

Let k' be the algebraic closure of k in K' . By shrinking U if necessary, we may 
assume that XT' = Z' Xj»i U is etale surjective over U, the cover U' — > U is Galois 
of group G = Gal(K' /k(t)), the open U is contained in A 1 , and moreover the k- 
morphism U' U factorizes through Uy — > U by a A:'-morphism, cf. [Liaa, Lem. 
1.3]. Then U' — > Uy is a Galois cover of group H = Gal(K' /k'(t)). By enlarging 
S if necessary, we may assume that all these extend to smooth integral models 
W — > Uo k , s , — > U over Ok,s- Here and from now on, we write S' = S <Eik k' and 
V = U Qk , s , = U x Qk S O k ',s'- 
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Given a finite non-trivial extension F/k, take I C Oft to be the set of places of k 
that split completely in the compositum F ■ k', according to Chebotarev's density 
theorem I is infinite. 

Let E be the finite set of conjugation classes of H — GaliU 1 /V). Since U' is geo- 
metrically integral over k', the geometric Chebotarev's density theorem (cf. [Ekc90, 
Lcm. 1.2]) allow us to construct an injection 

7 : E — »• ((fi fc \ S) n J) ® k k' 

such that for every c 6 E there exists a point of finite residue field x c £ V(fc'(7(c))) 
with associated Frobenius element Frob Sc belonging to the class c. Moreover, we 
can require that after restricting to k the images of different classes c £ E arc 
different from each other. 

For each v £ S, the effective 0-cycle z v is defined by a separable polynomial 
f v £ k v [t], in other words divpi(f v ) = z v — doo. 

We denote v c the place of k below w' = 7(0), as v c belongs to I we have k Va = k' w , 
and k(v c ) = k'(w'). By Hensel's lemma, the point x c lifts to a point x c £ V(O w >) C 
Uk'(k' w ,) = U(k Vc ) where O w i is the ring of integers of the local field k' w ,. According 
to the lemma 3.6 below, there exists a closed point x' c of U of degree d — 1 different 
from x c and from the Pi's. We write z Vc = x c + x' c and divpi (f Vc ) = z Vc — doo for 
a polynomial f Vc £ k Va [t] . 

Similarly, wc take a place vo £ I\S away from the u c 's and we write divpi (fv ) = 
z Va — doo with a closed point z VQ £ U different from the Pi's and an irreducible 
polynomial f Vo £ k Vo [t] of degree d. 

We consider the following exact sequence 

n n 

— ► O v i (doo -^T Pi) — > P i (doo) — > Pi -> 

i=l i=l 

where by abuse of notation Pi denotes the skyscraper sheaf on P 1 supported at 
P. As d > YJt=i deg{P l ) - 2, wc have H 1 (P\O p i {doo - £™ =1 P)) = by Serre's 
duality and hence an exact sequence of global sections 

n n 

^r(p 1 ,o P i(rfoo-^p)) — ■+ r(p 1 ,o P i(doo)) -^0jfci ->o. 

i=l i=l 

Here the fc-linear map ev is the evaluation of a polynomial (of degree d) at points 
Pi- We fix a fc-linear section a = ©™ =1 <J% of ev. By enlarging S* if necessary, wc 
may also assume that entries of the matrix of the linear map <7i are all S'-integers. 
For v £ S U {u c }c<ee U {vq}, the polynomial /„ is written in a unique way as 

i 

with fo v £ r(P 1 ,C P i(doo — Yl7=i P*)) ® fe a polynomial of degree d such that 
f 0v (Pi) = for aU i. 

A priori pi yV = f v (Pi) lies in ki (E>fc fcu, we have pi jt , £ (ki <&k k v )* since Pi ^ 
supp(z v ). Note that 7 \ (5 U {u c } c ge U {t'o}) is infinite. Thanks to a generalized 
Dirichlet's theorem (cf. [San82, Cor. 4.4]), for each i there exists an element p$ £ k* 
and a place Wi £ Ofe i outside S such that 

- pi is sufficiently close to pi tV for all i)€5U {w c }ceE U {vo}, 

- Wi(pi) = 1, 
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- pi is a unit outside {wi} U (S U J) <S>k fe- 
lt suffices to find a closed point 9 G A 1 denned by / <G k[t] having the desired 
properties (2) (3) (4) and such that f(Pi) = Pi for all i. 

Strong approximation property applied to the finite dimensional fc-linear space 
r(P 1 , Opi(doo — J27=i ft)) & ve us a polynomial fo of degree d with coefficients in 
Osui such that fo(Pi) = for all i and such that f is sufficiently close to fo v for 
all v G 5 U {v c }cge U {«o}- Then the degree d polynomial / = /o + X^i &i(Pi) G 
is sufficiently close to /„ with 5 U /-integral coefficients. As f Vo is irreducible, 
Krasncr's lemma implies that / is irreducible over k Vo and a fortiori irreducible 
over k. Moreover vo splits completely in k! , the field k' is contained in k Vo , thus / 
is irreducible over k'. We write divpi (/) = 9 — doo, then the 0-cycle 9 is actually a 
closed point of U, and its preimage 9' in is also a closed point. Let L = k(9) 
be the residue field of 9, then L' = L <E>k k' is a field and is the residue field of 
9' . As a 0-cycle 6 is sufficiently close to z Vc = x c + x' c for all c G E. This means 
that there exists a place io of L = k(9) above v c such that L w /k Vc is a trivial 
extension and moreover the image 9 W of 6* under U(L) — > [/ (L w ) is sufficiently close 
to x c . Hence 9 is also integral (for the model IX) at w, and it reduction modulo w 
is x c e U{L{w)) = U{k{v c )). 

Recall that w' — 7(c) g fife' is a place over w c € fife such that k' w ,/k Vc is a 
trivial extension. Let A be a place of L' above w G and above w' € fife'. The 
point G Uk'{L' x ) is actually an integral point (for the model V) of reduction 
modulo A exactly x c G V(X'(A)) = V(k'(w'j). Consider the map Gal(L'/L') -> 

H = Gal{U'/U k >) defined by a chosen lifting of Spec(L') -+ Spec(L') U k > to 
U', the fact that the reduction of 9' is x c means that the conjugate class c G E of 
the Frobenius element Frob Sc G H intersects with the image of Gal(L' / L'). This 
holds for all c G E, then Gal(L' / L') maps surjectively to H by a well known result 
of finite group theory, cf. [Eke90, Lem. 1.1]. The preimage of 9' under U' — > Uk> 
is then connected by the theory of etale fundamental groups. The point 9 G U has 
connected preimage in U' and so 9 G Hil' C Hil. And it is an S U /-integer since / 
has coefficients in Osui- O 

Lemma 3.6. Let k be a p-adic local field and D a finite set of closed points o/P^ fc . 
Then for every positive integer n, there exists a closed point of P 1 \ D of degree n. 

Proof. Over a local field, there exists infinite many irreducible polynomials of a 
fixed degree n. □ 

3.5. Existence of local points. 

Lemma 3.7 ([CTSSD98, Lem. 1.2]). Let k be a number field and Spec(0) a non- 
empty open set of the ring of integers of k. Let H : X — > Vq be a flat, projective 
morphism with X regular and smooth over O. Let it : X — > P 1 be the restriction of 
II over Spec(k). Let T C Pq be a closed subset, finite and etale over O, such that 
fibers o/Ll above points not in T are split. Let T = [J" =1 Tj be the decomposition of 
T into irreducible closed subsets, and lest fej be the field of fractions ofTi. 
After inverting finitely many primes in O, the following holds. 

(a) Given any closed point u G Pq, if the fiber X u over the finite field k(u) is 
split, then it contains a smooth k(u) -point. 

(b) Given any closed point 9 G P , with Zariski closure Spec(0) ~ 9 C P , 
where O/O is finite with Frac(0) = k{9), we denote by O' the integral closure of 
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O in k{&). If u € 9 is a closed point such that X u /k{u) is split, then Xq contains 
a smooth k(9) v -point where v is a place of k(8) (associated to a closed point of 
Spec{0')) above u. 

(c) Let u belong to one of the Ti 's, thus defining a place Vi of k%. Assume that 
there exists a irreducible component Z of the fiber of II at Pi = Ti x o k which has 
multiplicity one. Let k[ denote the algebraic closure of kt in the function field of Z. 
If the place Vi splits completely in the ring of integers of kl, then X u /k(u) is split. 

(d) Assume that for each i there exists at least one irreducible component of 
II _1 (Pi) which has multiplicity one. Then given any finite extension F^/k there 
exists a finite extension F containing F$ such that for each place v g splits 
completely in F the induced map X (L) — > P 1 (L) is surjective for all finite extensions 
L j k v . 

Proof. This is a version for closed points of [CTSSD98, Lem. 1.2], as indicated 
in [CTSSD98, page 20] the same proof works for this case. The last conclusion is 
slightly different from the original one, but the original proof applies. 

We remark that by taking a certain non-empty open subset Y of X and extending 
it to an integral model over O, the same argument as in the proof (Lang- Weil's 
estimation and Hensel's lemma) implies that we can moreover require that the 
rational points over local fields that obtained are situated inside Y and are the 
liftings (by Hensel's lemma) of rational points of finite residue fields of the integral 
model. We will use this more precise statement in the proof of the main theorem. 

□ 

4. Proof of the main theorem 
The whole section is devoted to proving the main theorem 2.1. 

Proof of Theorem 2.1. We are going to give a complete proof of the conclusion (2) 
with assumption (2) concerning 0-cycles of degree 1, similar argument works with 
assumption (2) concerning rational points with the help of [Wit 12, Lem. 1.8]. The 
same method proves (1). Note that if CH (X V ) — > CHq{¥\) is assumed injective 
for almost all places, the first conclusion in (3) is reduced to the conclusion (2), and 
the exactness of (E) is deduced by [Witl2, Prop. 3.1] applied with the base curve 
the projective line. 

Outline of the proof. 

After some preparations of Steps 1-3, in Step 4 we start from {z v }J-Br(X). By 
Harari's formal lemma, we reduce the pairing to a finite sum over S2 containing 
the places in S over which we need to approximate the local 0-cycles. We argue 
with moving lemmas to reduce to separable effective 0-cycles without changing 
the Brauer-Manin pairing. In Step 6 we apply Hilbert's irreducibility theorem 
(Prop. 3.5) to find a closed point 9 e P 1 close enough to the projections of the 
separable effective local 0-cycles. In Step 7, we verify that Xg has points M w locally 
everywhere. For the places in S2, we apply the implicit function theorem. For the 
places outside S2 , We make use of the orthogonality given by the vertical elements 
Aij in the Brauer group, these local points are essentially given by Hensel's lemma 
and Lang- Weil's estimation (Lem. 3.7). In Step 8, we compute each local term of 
the Brauer-Manin pairing and we modify certain M w (by applying the geometric 
Chcbotarcv density theorem) in order to obtain, on the fiber Xg, the orthogonality 
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to the Brauer group. The modified M TO 's are above carefully chosen places v r in 
Step 5. The finite set E constructed in Step 1 is used to verify one of the hypotheses 
of Chebotarev's theorem. 

Aim. 

In order to prove (2), we fix an integer S, a positive integer N, and a finite set 
S of places of k. Given a family of local 0-cycle {z v }n k of degree S orthogonal to 
Br(X), we need to find a global 0-cycle z such that z and z v have the same image 
in CH (X V )/N for all v £ S. 

Notation. 

We preserve the notation Y, Z, X r , and A, at the beginning of §2, the complement 
of Z = \J r=1 X r is an open Y C X with A C Br(Y) generating Br(X v )/ Br(k(t)). 
Let Pi (i — 1, . . . , n) be the closed points of P 1 such that the fiber Xi = Xp i is 
not split. Then for all i, the point Pi is contained in the open subset V = n(Y) by 
the hypothesis (Br). Let U be a non-empty open subset of P 1 such that all fibers 
of 7r over U is smooth and geometrically integral. Chose a fc-point oo in U PI V 
different from those m r 's. The open Vq = V \ {oo} is contained in A 1 = P 1 \ {oo}. 
The fiber Xoo is a smooth k- variety of function field K^ = k(Xoo). We write 
Y = Y\X 00 = it- 1 (Vo). 

For each 1 ^ r ^ I, the fiber X r at the closed point m r 6 A 1 is split. We 
fix an irreducible component X % r rr of X r of multiplicity 1 such that it is geo- 
metrically integral over k r = k(m r ). The point m r is defined by a monic irre- 
ducible polynomial Q r (t) <G k[t] and its residue field k r = k[t]/ (Q r (t)). Denote 
by K r = k r {X l r rr ) the function field of X l r rr . Let A be an element of Br(k{X)), 
we denote by 8a,t € H 1 (K r ,Q/'Z) its residue at the generic point of X 1 "' . The 
subgroup of H 1 (K r , Q/Z) generated by the elements 8a,t {A € A) is of the form 
G r = H 1 (Gal(K' r /K r ), Q/Z) where K' r is a finite Abelian extension of K r . Let /c£. 
be the algebraic closure of k r in K' r . Since A: r is algebraically closed in K r , the sub- 
group G' r = H 1 (Gal(K r k' r /Kr), Q/Z) of G r is isomorphic to H 1 {Gal{k' r /k r ),Q/Z). 
Let y r be a smooth open subset of X l r rr with empty intersection with other irre- 
ducible components of X r . By shrinking Y r if necessary, we may assume that there 
exists a finite etale connected Galois cover W r of Y r of Galois group Gal(K' r /K r ) 
such that W r — > Y r factorizes through Y/ = Y r x k T k' r — > Y r . Then W r is a variety 
geometrically integral over k' r . Moreover, we may also assume that the elements of 
H 1 {Gal{K / r /K r ) 1 Q/I,) C H 1 {K r M/%) come from elements of H} t {Y r , Q/Z). 

For each 1 ^ i ^ n, let fcj be the residue field of P;. The point Pi gives a rational 
point ei e A 1 (/5 i ) = fc,. We set ,g- = t - e, € fcj[i] and & = N k .( t ) /k ( t) (g'A <G fc[t], 
then fcj = k[t]/(gi). We fix an irreducible component X'l rr of the fiber Xi at Pi of 
multiplicity 1 which splits after an Abelian extension of k%. Denote by K{ = ki(Xl rr ) 
the function field of X^ r and by k[ the algebraic closure of fcj in Ki. The field 
k[ is a finite Abelian extension of ki, it is a compositum of finitely many cyclic 
extension kij of ki. By fixing a character \ °f the cyclic group Gal(kij (t) / ki{t)) , 
we define (fcjj /ki,g[) = {Xi9'i) an element of Br(ki(t)) via cup product, and we 
set A id = cores k ^ t y H t)(ki,j/ki,9i) € Br(k(t)), cf. [CTSD94, §1]. There exists a 
closed subset BcP 1 containing all Pi's such that Aij G i?r(P x \ _D) for all i, j. 

Replacing by a smaller generalized Hilbcrtian subset if necessary, according to 
Proposition 3.4, we may assume that for every closed point 9 € Hil C A 1 the 
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specialization to the smooth fiber Xg 




Br(Xg) 
Br(k{6)) 



is an isomorphism, hence A maps onto the Brauer group of the fiber Xg (up to 
constant elements which do not contribute to the Brauer-Manin obstruction on the 
fiber Xg). 

Step 1. Construction of a finite set E of elements in Br{k{t)). 

The finite set E is constructed in order to verify (in Step 8.4) one of the hy- 
potheses of the geometric Chebotarev's density theorem applied in Step 8.5. 

Consider Faddeev's exact sequence (cf. [GS06, Cor. 6.4.6]) 



where the direct sum is taken over all closed points 8 of A 1 and dg is the residue 
map at 6. For each 1 ^ r ^ I, we consider the subgroup 

E' r = {13 e Br(k(t));dg{(3) = if 9 ^ m r and d mr (f3) g G' r = H 1 {Gal{k' r /k r ), Q/Z)} 

As E' r /Br(k) is a finite group, we take a finite subset E r C Br(k(t)) of its represen- 
tatives, then we define E to be the (disjoint) union of E r 's. Thus E C Br(Vo) and 
its image in Br(k(X)) is contained in Br(Yo). We often identify E with its image 
in Br(k(X)). 

Consider the residue &A,ca of A g AUi? in H 1 (K 00 ,<Qi/'L) at the generic point of 
X x , we may choose a non-empty open subset Y^ of X^ such that these elements 
come from elements in H^Yoo, Q/Z). 

Step 2. Construction of a finite extension F /k. 

By Tsen's theorem, the Brauer group of k(t) is trivial. Therefore there exists a 
finite extension k'^ of k such that the restriction of E in Br(k' OQ (t)) is 0. We fix a 
finite extension Fq of k containing k' oal k[ for all i, and k r for all r. This is for the 
future computation of the Brauer-Manin pairing in Step 8.3. 

Step 3. Extension to integral models. 

There exists a finite set Si of places of k containing S such that all the following 
statements hold. 

- Si contains all archimedean places of k. 

- The variety X extends to an integral model X over Ok.Si > the morphism n 
extends to a flat morphism II : X — > Pq^ s . 

- For each 1 ^ i ^ n, the polynomial gi has coefficients in Ok,Si ■ The Zariski 
closure Ti of Pi in g (it is also the closure of the closed subvariety of 
hfj k defined by <?, = 0) is etale over Spec(Ok,S! )■ Non-split fibers of II 
are situated above T = 1J Ti. Moreover Ti and Ty are disjoint if i ^ i' . 

- For each 1 ^ r ^ I, we denote by rh r the Zariski closure of m r in Vp k s 
and by X r the fiber II -1 (m r ). The polynomial Q r (t) defining m r has coef- 
ficients in Ok.Si - The schemes m r and rh r : are disjoint if r ^ r' . The open 
subset Y r C X r extends to an open y r C X r such that the elements of 
H 1 {Gal{K / r /K r ) 1 Q/Z) come from elements of Hl t {y r ,Q/Z). The scheme 
y r is smooth over Ok,Si ■ 



— S- Br(k) — S- Br(fc(^) A -ff 1 (fc(6>), Q/Z) — >■ 
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- We denote by oo the Zariski closure of oo in ¥p k g and by Xoo the fiber 
II - (So). The scheme oo is disjoint with rh r for all r. The open subset 
Yao C Xoo extends to an open 34o C Xoo such that the elements 3a, oo 
(where A £ A U E) come from elements of H\ t (y oo ,Q^/'L). The scheme Xoo 
is smooth over Ok.Sx- 

- We set V = Si \ Um,, V = V \ 55, y = X \ \jX r , and y =y\ X^. 
The elements of A U E C Bt(Yq) come from elements of Br(yo). 

- The finite connected etale Galois cover W r — > Y r extends to an Ok r ,sr 
morphism W r — > y r factorizing through y' r = y r Xo kr s Ofc^Si - > 3^r such 
that W r — > y r is a Galois cover of group Gal(K' r j ' K r ) and W r — > y' r is a 
Galois cover of group Gal(K' r / K r k' r ). 

- Lemma 3.7 applies to O = Ok,Si- 

- For 1 ^ r ^ I, the geometric Chebotarev's density theorem [Eke90, Lcm. 
1.2] applies to the Ok> ,^-morphism WV — > y' r , i-e. the cardinality of k' r (v r ) 
for all v r £ f2fc/ \ 5i ®fc A;^. is large enough to guarantee the existence of a 
k' r (v r )-pomt of having its Frobenius element in a given conjugacy class 
of Gal{W r /y' r ) = Gal(K' r /K r k' r ). 



Step 4. Application of formal lemma and moving lemmas. 

Fix a closed point z 01 X such that the 0-cycle yo = 7r *( 2; o) is a closed point 
having the same residue field as zo and such that yo is different from oo and the 
points in D, denote by do the degree of zq. 

Let {z v } V £Q k be a family of local 0-cycles of degree 6 orthogonal to Br(X). 
By Lemma 3.2, we may assume that each z v is supported in Yq and n*(z v ) is 
supported disjoint from D. According to the formal lemma 3.1 applied to tt* {Aij) € 
Br(iT^ 1 (F 1 \ D)) and the elements in A U E C Br(Yo), there exists a finite set of 
places 62 of k containing Si such that and for each uG^a 0-cycle z' v of degree 5 
supported in Yq and away from fibers above D such that 

" J2ves 2 inv v((Ai,j,Zv)v) = for all A id ; 

~ J2ves 2 inv v({A, z' v ) v ) = for all A e A U E: 

- z' v = z v for all v € Si. 

In the rest of the proof, it suffice to approximate z' v for every v € S2- We write in 
a unique way z' v = z+ — z~ , where z+ and z~ are effective 0-cycles with support 
disjoint from each other. Recall that we are considering the images of 0-cycles in 
CHq(X v )/N, let a be a positive integer which is divisible by N and who annihilates 
all the elements A £ A U E and Aij. Then the 0-cycle z\ = z' v + adoz~ = z+ + 
(ad — 1)2,7 ' 1S effective of degree congruent to 6 modulo ado- We add to each z\ a 
suitable positive multiple of ozq and obtain z% of the same degree d for all v £ Sa- 
Moreover d = <S(mod ado) can be taken to be sufficiently large such that Proposition 
3.5 applies. By Lemma 3.3, for each v £ S2, there exists an effective 0-cyclc t v of 
degree d close enough to z% and such that it is supported in Yq and away from the 
fibers above D and such that it*(t v ) is a separable 0-cyclc. By continuity of the 
Brauer-Manin pairing, note that a annihilates the elements appeared in the pairing, 
we have 

" J2ves 2 inl >v((Aij,T v ) v ) = for all A itj ; 

- E„ e ,s 2 inv v ({A,T v )v) = for all A e A U E. 
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By [Witl2. Lcm. 1.8], note that N divides a, the 0-cycles z' v and t v have the same 
image in CH (X V )/N for all v e S 2 - 

Step 5. Construction of assisting places v r . 

In this Step we construct for each r G {1, . . . , I, oo} an assisting place v r with a 
local 0-cyclc, these will give us ability to modify the local points in Step 8. 

Lemma 3.7(d) applied to our fibration with Po constructed in Step 2 gives us a 
finite extension F/k containing Po. Suppose that the generalized Hilbcrtian subset 
Hi I is given by a finite morphism Z — >• P 1 , let k' be the algebraic closure of k inside 
the Galois closure of the field extension k{Z)/k(t). 

For each r G {1, . . . , I, oo}, let v r be a place of k outside S2 and which splits 
completely in F ■ k' . We may also suppose that they are different from each others. 

As consequence, for 1 ^ r I the polynomial Q r (t) modulo v r has a simple root 
in k(v r ) which lifts to a fc. lv -point x r of A 1 satisfying v r (Q r (x r )) = 1, moreover x v 
can be chosen different from all the Pi's. Similarly, we choose Xoo G k*^ C A 1 (k Vaa ) 
different from the Pi's and such that i>oo(l/^oo) = 1. Lemma 3.6 permit us to chose 
a closed point x' r of A 1 of degree d — 1 different from the Pi's, then Xf ~\~ x r is cL 
separable effective 0-cycle of degree d. 

Step 6. Application of Hilbert's irreducibility theorem. 

With the field P, the closed points Pi, and the generalized Hilbertian subset 
HilnVb, we apply Proposition 3.5 to local 0-cycles tt*(t v ) for v G £2 as well as x r +x' r 
for r G {1, . . . , 1, 00}. By Chebotarev's density theorem, we obtain an infinite set 
/ of the places of k which split completely in P, a fortiori split completely in k r , 
kij and k'^. According to the construction of I in the proof of 3.5, the places v r 
belong to I for r G {1, . . . , /, 00}. We also obtain a closed point 8 G Hil C Vq C A 1 
of degree d sufficiently close to 7r* (t v ) for v G S2 and sufficiently close to x r + x' r for 
r € {1, . . . , 1, 00}, as a fc(0)-point of A 1 it is an S2 UPinteger. Moreover, let f £ k[t] 
be the polynomial defining 8 constructed in Proposition 3.5, for each 1 s; i n we 
obtain a place Wi of away from S2 U / such that Wi(f(Pi)) = 1 and w;(/(P)) = 
for all it) G f2fci \ (5*2 U /) ®fc fci different from w;. 

5tep 7. The fiber Xg has points locally everywhere. 
Let w G fifc(e) be a place above ?; G Ofe. 

If f G 5*2, the implicit function theorem shows that Xg possesses fc(0) u ,-points. 
If v G /, Lemma 3.7(d) implies that possesses fc(0)^-points. 
If v S2 U J, we denote by ~ 5pec(A) the Zariski closure of in Pq^ g , 
where A is a finite Ok.s 2 -algebra with fraction field k{6) and its integral closure 
in k(0) is Ok(g^s 2 - We fix a place iu of k{6) above v, it defines closed point w of 
the normalization Spec(Ok(e).s 2 ) °f ^ lying above a certain closed point wg G 8. 
Recall that 8 and Ti are locally defined respectively by / and gi (polynomials with 
Osauz-intcgral coefficients). There are two possible cases. 

(i) If wg is contained in one (unique) of the Pi's. We know that for w' G 
\ (5*2 U /) CSifc h, we have w'(/(Pj)) = except only one possible case 
where w' = Wi and w, G rik i \(S2 f Jl)®kki, for which we have Wi(f(Pi)) = 1. 
The point wg is contained in P,; if and only if the exceptional case happens. 
In such a case, considering the intersection Ti n at the point the 
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intersection multiplicity equals to 1 since Wi(f(Pi)) = 1. Then Wi, viewed as 
a closed point wg of 9, must be a regular point of 9. Therefore w = wg = Wi, 
hwi = k{9) w and w(g l (9)) = ^(/(P;)) = 1. 
(ii) If wg (fc Ti for all i, then the fiber X we /k{wg) is split by the construction of 
Tj, thus Xg(k(9) w ) ^ according to Lemma 3.7(b). In this case, we know 
that gi{9) is a unit (modulo wg) in k(wg) C k(w) since wg (£ Tj PI 9, then 
w( 9l (9))=0. 

Remark that if Wi G / <8>fc fci, case (i) will never happen. To complete this Step, 
it remains to verify that for w = to, G Tj (case (i) if it happens) the fiber X# 
possesses fc(0) ll)i -points. This will occupy the rest of this Step and we may assume 
that Wi £ tt ki \ (5 2 U I) (g> k 

We define Ei = h <S> k k(9) and F itj = k itj <S> k k(9). Then 

{A itj ,6) v i = cores k (gy k c<yres Ei / k ( g - ) (Fij/Ei,g , i (Q)) G Br(fc) 

by definition. 

By continuity of the Brauer-Manin pairing, 

^ inv v ((A i; j,6) v ) = ^ inv v((A it j,ir*(T v )) v ) = 0, 

v£S 2 v£S 2 

hence 

inv v ({A itj ,e) v ) = 

t>en fc \s 2 

since is global. In other words 

^2 inv v (cores ki g )/k cores Ei/ki g ) (F hJ /E l ,g' l (9))) =0, 

inv w (cores Ei/k{ g ) (F tJ /E l ,g' l (9))) =0. 

t"6^fc(e)\S 2 ®fcfc(6l) 

We consider a place io of fc(#) away from 52, and we are going to calculate each 
term in the sum above. 

If w G / Cg>/c k(9), let v be the place of k below w. By construction, the extension 
of local fields associated to ki,j/ki is trivial above the place v, then the extension 
Fij/Ei is trivial above the place w, we find that 

inv w (cores Ei/k{ g } (F tJ / E % , g[(9))) = 0. 

If w ^ I<8>k k(0) and w ^ Wi (i.e., the point wg € 9 associated to w is not in Ti), 
we recall that in this case w(gi(0)) = 0, then gi{9) = N E ./ k ^g)(g' i (9)) is a unit at w, 
we also obtain 

inv w (cores Ei/k{ g ) (F tJ /E l ,g' l (9))) = 0. 
Therefore we get finally 
(*) inv Wi (cores Ei /k(8)(F'i,j/Ei,g'i{0))) =0. 

Consider the natural map Ei — > Ei® k ^k(9) Wi , where Ei(j§ k ig\k(ff) Wi is a product 
of extensions of k(9) Wi . Note that w(N Ei /f.rg\(g' i (6))) = w(gi(9)) equals to either 
or 1 according to w ^ Wi orw = io,, there is only one of these extensions, denoted 
by Ei tWi , in which the image of g'i{9) is not a unit but a uniformizer, and moreover, 
Ei, w Jk(9) Wi is trivial. The equality (*) implies that (F^j / Ei, g'i(9)) (& Ei Ei, Wi = 0, 
we have then for all j the cyclic extension kij/kt is trivial after <%> Ei Ei. Wi since g[(9) 
is a uniformizer of Ei tWi , we find that k[/ki is trivial after ® Ei Ei tWi . By Lemma 
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3.7(c), the reduction X w Jk{wi) of Xg modulo Wi is split, and Xg contains a k[9^ Wi - 
point by Lemma 3.7(b). 

The following final remark will be used in the next Step. For all places w £ Qk{6) 
outside S2, the existence of fc(0) 1i) -points of Xg is deduced as above by applying 
Lemma 3.7. In other words, these local points are in fact integral (with respect to 
w) points obtained by lifting of points of finite residue fields. As remarked in the 
proof of Lemma 3.7, they can be chosen to be integral points of the integral model 
X \ (Ur ^ r \ ^r) °f t ne Zariski open X \ (|J X r \ Y r ) C X where r runs through 
{l,...,/,oo}. 

Step 8. Orthogonality to the Brauer group. 

For each w £ £lk{8)i let M w denote the k(8) w -pomt we found on the fiber Xg 
in Step 7. We know by continuity of the Brauer-Manin pairing and the projection 
formula that 

inv w (A(M w )) = ^2 inv v ((A,T v ) v ) = 

w£S 2 ® k k(6) i>SS 2 

for all A £ AUE. In this Step, we are going to compute inv w (A(M w )) for w outside 
S2 and modify certain M w such that they satisfy the equality 

J2 inv w (A(M w )) = 

for all AeA. 

Step 8.1. Classification of places ofk{9). 

As a 0-cycle 9 is sufficiently close to x r + x' r for 1 ^ r ^ I, this means that 
there exists a place w® of k(9) above v r such that the extensions k(9) w o /k Vr and 
k(9)(w®)/k(v r ) are trivial and the image of 9 in A 1 (k(9) w o) is sufficiently close to 
x r . Hence w®(Q r (9)) = v r (Q r (9)) = v r (Q r (x r )) = 1, a fortiori w^(9) ^ since the 
coefficients of Q r are integers at v r . Similarly, there exists a place w 1 ^ of k(9) above 
Woo such that w^^/ff) = I. 

We consider the reduction of 9 £ Vo C P 1 modulo a place w £ Qk(e) \ $2 ®fe k(9), 
there are three possibilities: 

(a) it is in Vo, if and only if w{Q r (9)) = (a fortiori w{9) ^ 0), we denote by 
Qo C flk{8) the subset of such places; 

(b) it is in one (unique) of the m r 's (1 < r < /), if and only if w(Q r (9)) > (a 
fortiori w(9) ^ 0), we denote by Q r C ^k(e) the subset of such places, in 
particular wjl £ 

(c) it is in 00 if and only if w(9) < 0, we denote by floe C ^lk(e) the subset of 
such places. Then fl^ C I <E>k k(9) since 9 is an S2 U /-integer. 

The subsets Q,q, fiij . . . , fi;, f^oo form a partition of tlk(g) \ $2 <8>fc k(9), and Q r is 
finite for r £ {1, ...,/, 00}. 

Step 8.2. Computation of A(M W ). 

For w £ Qk(9)\S2<3kk{9), we want to compute A(M W ) for A £ AliE C Br(Yo). 
By construction in 5<ep 7, the point is a lifting (by Hensel's lemma) of its 
modulo-u>-reduction M(w) of y r according to w £ fl r (r £ {0, 1, . . . ,1, 00}). 

Wc find, by [Har94, Cor. 2.4.3], for A £ A U E 

(a) inv w (A(M w )) = if w £ Oo; 
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(b) inv w {A{M w )) = w(Q r {9)) ■ d A ,r,M{w){F r ,M{w)) if w G r (l < r < I), where 
dA.r,M(w) is the evaluation of the element 8a, r & Hl t (y r , Q/Z) at the point 
M(w) of y r , and where F r ^M(m) € Gal(y r /y r ) is the Frobenius element at 
Af(w). 

(c) in%(A(M u )) = w(l/9) ■ d A ^ M ^ w ) if w e Ooo, where 9a,oo,at(u0 is the 
evaluation of <9a,oo € i^D^o, Q/Z) at M(w) G y^. 

Step 8.3. Computation for w G ^1^. 

If A G A C Br(y), as the point oo G 7r(y), the residue 9a, oo equals to in 
iJ^ifoo, Q/Z). If A G E, it comes from an element of Br(k(t)) which becomes in 
Br{k' 00 {t)). Moreover, the place v of k below the place w G floo belongs to /, thus 
the field k(0) w contains k v = fc^ , for all v' above v, then A = in Br(k(9) w (t)). 
In both cases, inv w (A(M w )) = for w G fix- 

Step 8.4. Computation for w £ r (l r Z). 

4 priori, the element JZ^en w (Qr(@)) ■ F rM ^ (additive notation) lies in the 
Abelian group Gal[K' T jK r \ we are going to prove that this element belongs to the 
subgroup Gal{K' r / K r k' r ). 

Let p r be an arbitrary element of G' r = H 1 (Gal(K r k' r /K r ) 7 Q/'I,) c G r , then 
there exists an element A r of E C Br(k(t)) whose only possible non-zero residue is 
at m r giving value p r . In this case, we have inv w (A r (M w )) = for all w G £l r ' if 
r' 7^ r and 1 ^ r' ^ I. On the other hand, as the specialization of A r G Br(k(X)) 
at comes from Br(k(6)), we find the equality J2wen k e i nv w{A r (M w )) = 0. 
Combining the computations for places in fio and done in Steps 8.2 and 8.3 

^ m««,(4r(Mo)) = 0, 
wen,. 

in other words, 

^ Pr (w(Q r (6)) ■ F iM{w) ) =0 

for all p r G G' r . Hence the element Y^weQ w {Qr{&)) • F r _M(w) lies in Gal{K' r / K r k' r ). 

Step 8.5. Modification of M w o(l ^ r ^ i). 

Recall that there exists a place G f2 r above w r with w®{Q r {6)) = 1, moreover 
the extensions k(9) w o /k Vr and k(8)(w^)/k(v r ) are trivial. As iv splits completely 
in k' r , the Frobenius element f r .A/(to°) 

lies in Gal(K' r /K r k' r ). 

The geometric Chcbotarev's density theorem [Eke90, Lem. 1.2] implies the ex- 
istence of a point M'(iu°) of whose Frobenius element i^M'^ ) is exactly the 
element F r>Af ( w o) - Z)«, e n r w (Qr(9)) • F r>M ( w ) G Gal(K' r /K r k' r ). We lift it to a 
fc (9) w o -point Af^o of X 9 . 

For each 1 < r ^ I, we replace M^o by M^ and we keep M w for all w G fi r \{w°}. 
We verify that 

inv w (A{M w )) = 

u>efi r 

for A G A and for all 1 < r < I. Therefore 

inv w (A(M w )) = 

for all A G A. 
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Step 9. End of the proof. 

The specialization map spe maps A on to Br(Xg)/ Br(k(9)), the family {M w } w ^ k . 
of local points on Xg is then orthogonal to Br(Xg). The hypothesis gives a global 0- 
cycle z' of degree 1 on Xg such that z' and M w have the same image in CHq(Xq. w )/N 
for all w £ S2 C3>fc k(0). The 0-cycle z' is regarded as a 0-cycle of degree d = 
5 (mod ado) on X, by subtracting a suitable multiple of azo from z', we get a global 
0-cycle z of degree 5 on X such that z and z w have the same image in CHq(X v )/N 
for all v £ S. 

a 

Remark 4.1. In 5iep 8 we considered elements representing Br(X v ) / Br(k(t)), and 
in Step 7 we considered elements Aij coming from Br(k(t)) as well. We have made 
use of almost the whole Brauer group. 

5. Concern about the hypothesis (Br) 

If one could remove the hypothesis (Br) in the main theorem (which seems un- 
likely), as explained in the remark 2.2, Theorem 2.1 would apply to all proper 
smooth models of varieties defined by Abclian normic equations 

N K/1c (2) = P(t). 

In two extreme cases, the hypothesis (Br) is automatically satisfied, cf. §5.1. 

Compare to the recent result of Dasheng Wei [Wei], in one of his theorems 
concerning Abclian normic equations, he has assumed a hypothesis of the same 
type as (Br) and he has found explicit examples, cf. §5.2. 

5.1. Previous results for 0-cycles. 

5.1.1. If all the closed fibers of it : X — > P 1 are split (in particular, if they are 
geometrically integral), the hypotheses (Ab-sp) and (Br) are automatically verified. 
This special case has been proved by the author in [Liac]. In [Liac] we also proved 
some theorems on fibrations over higher dimensional projective spaces, unfortu- 
nately the method does not extend directly to this work even if one can remove 
the assumption (Br). Elements of Br(X) C Br(k(X)) which are not coming from 
Br(k(t)) lead to difficulties in comparing Brauer groups appeared in the induction 
process. 

5.1.2. The hypothesis (Br) is also automatically verified if the morphism Br(k(t)) 
Br(X n ) is surjective (e.g. certain fibrations in Chatelet surfaces). By Proposition 
3.4 the Brauer group Br(Xg) consists only elements coming from Br(k(9)) for all 
6 e Hil. The condition (1) (resp. (2)) of the main theorem 2.1 becomes 

- The fc(#)-variety Xg satisfies the Hasse principle (resp. weak approxima- 
tion) for rational points or for 0-cycles of degree 1. 
This special case has also been proved by the author in [Liaa]. 

5.2. The recent result of Wei on normic equations. In a recent paper of Wei 
[Wei] , by explicit computations of elements in the Brauer group he has proved that 
the Brauer-Manin obstruction is the only obstruction to the Hasse principle for 
0-cycles of degree 1 on varieties defined by several specific normic equations. Two 
of them are closely related to the main result of this work, we discuss them in the 
following two subsections. 
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In his paper, the exactness of (E) (which involves 0-cycles of all degree) was not 
discussed and he dealt with only 0-cycles of degree 1. He needed a degree argument 
to assure that k{9) and K are linearly disjoint over k. We remark that, by combining 
the argument of generalized Hilbcrtian subsets (in Proposition 3.5 no restriction of 
the degree is made), the sequence (E) can be proved exact at least for the following 
two cases. 

5.2.1. Consider the equation over a number field k 

N K/k (2) = P(t) 

where K/k is a finite Abelian extension of degree n and P(t) <G k[t] is a non- 
zero polynomial. Let X CTHS be the CTHS partial compactification (named after 
the authors) of the closed sub- variety of A" +1 defined by the equation, it admits 
a morphism X CTHS P 1 , cf. [CTHS03, §2] for the construction. Let X be a 
smooth compactification of X CTHS , the extended fibration X — > P 1 satisfies (gen) 
and (Ab-sp). 

We denote by T the norm one /c-torus i?^ fc G m defined by N K / k (l£) = 1. As- 
suming an additional hypothesis that Ull(f)p = HJ^(f), cf. [CTHS03, §2] for 
definition of these groups, Wei proved that the Brauer-Manin obstruction is the 
only obstruction to the Hasse principle for 0-cycles of degree 1 on X, [Wei, Thm. 
4.1]. He gave a explicit example satisfying this additional hypothesis, [Wei, Cor. 
3.4]. His example is essentially new in the sense that Gal(K/k) ~ Z/nZ x Z/nZ 
is not cyclic. It is remarked that this additional hypothesis is equivalent to the 
surjectivity of Br(X CTHS ) —> Br(X rj )j Br(k(t)), cf. the remark before Corollary 
3.4 in [Wei]. The latter is of the same type as the hypothesis (Br). 

Combining our main theorem, we can prove the following slightly generalized 
statement for Abelian normic equations (0-cycles of all degrees and weak approxi- 
mation are considered). Wei's example is certainly included. 

Corollary 5.1. Let X — > P 1 be a smooth proper model of the Abelian normic 
equation N K / k (~^) = P(t) containing the CTHS partial compactification X CTHS 
as an open subset. If the following hypothesis is verified 
(Br') there exists an open subscheme Y C X with complement X \ Y a disjoint 

union of closed split fibers such that the subgroup Br(Y) + Br(X CTHS ) of 

Br(X v ) maps onto Br(X v )/ Br(k(t)), 
then (E) is exact for X. 

Proof. As in the proof of the main theorem 2.1, it suffices to verified the equality 

]T inv w (A(M w )) = 

where A e A C Br(Y) + Br(X CTHS ) is of the form A = A x + A 2 with A\ £ Br(Y) 
and A 2 € Br(X CTHS ). The group Br(X CTHS ) maps onto HI^(T) P ([CTHS03, 
Prop. 2.5]), and elements of the latter have an explicit description [Wei, Lem. 
3.2]. With the help of this description, the clement A 2 gives no contribution to 
the Brauer-Manin pairing, i.e. J2 w(P q inv w (A 2 (M w j) — for local points M w G 
Xe{k{9) w ) which can be chosen arbitrarily for w ^ S 2 (E>k k(6), cf. Proof of Theorem 
4.1 in [Wei]. Then we modify certain M w 's (with w £ S 2 ®t k(Q)) such that 
S ro en fc 8 inv w (Ai(M w )) — 0, cf. Step 8.5. This completes the proof. □ 
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5.2.2. In [CT], Colliot-Thelene computed the Brauer group of any smooth proper 
model of the equation 

{x\ - axl){y{ - byl){zl - abz\) = c 

with a, b 1 c £ F* , over any field F of characteristic zero. 
This permits us to consider the equation 

{x\ - axl){y\ - by\){z\ - abz\) = P(t) 

over a number field k with a, b £ k* and P(t) € k[t] a non-zero polynomial. It 
has an (inexplicit) smooth proper model X — s- P 1 (parameterized by t). Its generic 
fiber X n is in fact a compactification of a homogeneous space under an algebraic 
torus split by the Abelian extension k{^J~a, \/b)/k. The fibration satisfies (gen) and 
(Ab-sp). In this special case, [CT, Thm. 4.1] implies that for all but finitely many 
closed point 9 £ P 1 , the specialization spg : Br(X v ) — > Br{Xg) / Br(k{8)) maps 
the subgroup generated by the quaternion algebra Q = {x\ — ax\,b) £ Br(X v ) 
onto the group Br(Xg) / Br(k(6)) C Z/2Z. But we do not know the ramifications 
(with respect to residue maps) of the clement Q since we are not able to describe 
explicitly the model X. Fortunately, for all w £ £lk(g) outside a certain finite set 
S of places and for all M w £ Xg(k(9) w ) we have inv w (Q(M w )) — 0, cf. the proof 
of Theorem 4.2 of [Wei]. Therefore in such a particular case, we can still prove 
the conclusions in the main theorem for X without verification of (Br), i.e. the 
sequence (E) is exact for smooth proper varieties defined by the equation above. 

5.3. An open question. The assumption (Br) is indispensable in our approach, 
we ask the following question. 

Open question. For which finite Abelian extension K/k and for which polynomial 
P(t) £ k[t], there exists a smooth proper model of the normic equation 

N K/k (2) = P(t) 

satisfying the assumption (Br) or (Br') ? 

Answers to the question will give concrete examples of the main theorem. 

6. A SIMILAR RESULT FOR RATIONAL POINTS 

The work of Colliot-Thelene, Skorobogatov, and Sansuc [CTSSD98], on which 
the present work bases, shows the similarity between the behaviors of 0-cycles of 
degree 1 and of rational points on fibcrcd varieties. 

One may restate Theorem 2.1 simply by replacing the phrase "0-cycles of degree 
1" by "rational points" admitting Schinzel's hypothesis. However, replacing Sal- 
berger's device by Schinzel's hypothesis, the proof can not be transferred correctly. 
In fact, we need to compare the Brauer group of closed fibers Xg with that of the 
generic fiber X v . In order to deal with this, a certain generalized Hilbcrtian subset 
Hil must be involved. Proposition 3.5 shows that Salberger's device does be fixed 
into the context of Hil. Instead, for the case of rational points, Schinzel's hypothesis 
can not be easily combined with the Hilbcrtian subset condition, we may need a 
stronger hypothesis. While in [CTSSD98], only the vertical Brauer group of the 
fibration is considered, the similar problem does not appear, Salberger's device and 
Schinzel's hypothesis play the same role in the proof for 0-cycles and for rational 
points respectively. 
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Actually, this is the only difficulty. We restrict ourselves to Abelian normic 
equations, a special case of Theorem 2.1 , this difficulty will disappear automati- 
cally as follows. Let X be a smooth proper model of the equation N K / k (~^) = P(t) 
containing the CTHS partial compactffication X CTHS , it is fibered as X —> P 1 
by the parameter t. Taking into account the fact that H 3 (k(t),G m ) = (resp. 
H 3 (k(9), G m ) = 0), the Hochschild-Scrre spectral sequence implies that Br(X v ) / Br(k(t)) ~ 
H^klt^PiciXfj)) (resp. Br(X g ) / 'Br(k{8)) ~ H l {k{8),Pic{Xg))). In general, the 
specialization (cf. Prop. 3.4) 

spg : ff 1 0(i), ^c(A ?1 )) -> H^kiO^PiciXg)) 

is an isomorphism for those closed points 8 belonging to a certain mysterious gener- 
alized Hilbertian subset Hil CP 1 . In the case of Abelian normic equations, we can 
simply take Hil to be a dense open subset, on which the argument in [CTSSD98] 
with Schinzel's hypothesis works. In the following paragraph, we explain why Hil 
can be taken to be an open subset of P 1 . 

We consider the /c-torus T defined by N K / k (~^) = 1. Let T c be the equivariant 
smooth compactification of T used in the construction of X CTHS . By construction, 
the generic fiber X v is the contracted product E v x Tfc(t > T£, t -. where E v is the torsor 
under 7fe(t) defined by N K / k (^) = P{t). Respectively, for 8 belonging to a certain 
open subset Uq C P 1 the closed fiber Xg is the contracted product Eg x Tfc < 9 > T£,g^ 
where Eg is the torsor under Tfc(e) defined by N K / k (^) = P{9). According to 
[CTHS03, Lem. 2.1], we have isomorphic Galois modules Pic(Xfj) ~ Pic(T^- T ) and 

k(t) 

Pic(Xg) ~ Pic(T^—) for 8 G Uq. Note that for the question of rational points, we 

only need to consider fibers over rational points 8, i.e. k(8) = k. The specialization 
then becomes a homomorphism 

H\k{t),Pic{T^)) -+ H 1 (k,P l c(T--)) 
induced by an equivariant homomorphism between Galois modules Pic(T^-—) — > 

k[t) 

Pic(T c ), which is an isomorphism of Abelian groups. To see that the homomor- 
phism between cohomologies is an isomorphism, let l/k be a finite Galois extension 
which splits T. Note that the Picard groups are torsion-free, the Hochschild-Serre 
spectral sequence shows that H 1 (k(t) , Pic(T^)) ~ H 1 (l(t) / 'k(t) , Pic{T[ [t) )) and 

^{k.PiciT^)) ~ H^l/k^iciTf)). By identifying Gal(l(t)/k(t)) and Gal(l/k), 
we see that 

H^m/kitlPiciTfo)) -> H\l/k,P t c(Tn) 
is an isomorphism. Hence the specialization spg is an isomorphism for all 8 G Uo(k). 
The argument with Schinzel's hypothesis works and gives us the following theorem 
for rational points. 

Theorem 6.1. Let X be a smooth proper model of the Abelian normic equation 
Nfc/k^®) = P(t), fibered as X — > P 1 by the parameter t. Assume that Schinzel's 
hypothesis holds and moreover 

(Br) there exists a finite subset A C Br(X r/ ) generating Br(X r/ ) modulo Br{k{t)) 

such that A C Br(Y) where Y C X is an open with complement X \ Y a 

disjoint union of closed split fibers. 

Then the Brauer-Manin obstruction is the only obstruction to the Hasse principle 
and to weak approximation for rational points on X. 
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